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Line-of-Sight Temperature and Species Pro� les Determined
from Spectral Transmittances
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Line-of-sight (LOS) variations of temperature and concentrations of CO and H2O within a simulated
high-pressure � ame are deduced using an inverse analysis. In this work, synthetic spectral transmittances,
acquired by a Fourier transform infrared spectrometer along a single LOS, represent the experimental
data. The theoretical basis of the analysis is that spectral variations in the absorption coef� cient contain
information about spatial variations in temperature and species concentrations. The Marquardt– Lev-
enberg method is used to solve for the temperature and species concentrations. Accurate spatial variations
of temperature and species concentrations can be recovered when changes in the spectral transmittances
caused by noise are smaller than those changes caused by spatial variations in temperature and species
concentrations. The recovered centerline temperatures and species concentrations are, respectively, within
5 and 20% of the synthetic values, when the variations in spectral transmittance caused by noise are
about the same as that caused by spatial variations in temperature and species concentrations. As tem-
perature increases, a redistribution in the molecular states decreases the spectral absorptances, thereby
causing the analysis to become more sensitive to the effects of noise.

Nomenclature
c = speed of light, m/s
E = rotational energy of lower state
F = spectral transmittance
g = normalized rovibrational (rotational– vibrational)

line shape function
h = Planck’s constant
k = Boltzmann’s constant
L = 0.0025 m, half of path length
mP = order of power series used to approximate

partial-pressure pro� les
mT = order of power series used to approximate

temperature pro� les
N = number of molecules per cm3 per atm
Nd = number of data points in measurement
Nnp = number of gaseous species present along the line of

sight that is not being quanti� ed
Np = number of half-periods used to calculate integral

over the wave number range
Nr = number of rovibrational transitions
Ns = number of species
Nx = order of quadrature used in the integral along path

length
N = order of quadrature used in convolution integral
P = pressure, atm
P i,m = coef� cients for partial pressure of ith species
Q = partition function
S = line intensity
T = temperature, K
Tm = coef� cients for temperature pro� le
w l = weights for Gauss– Legendre quadrature
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Xn(x) = row vector of species mole fractions,
Xn = ( )X , X , XN CO H O2 2

x = distance along the line of sight from the center of
the � ame

z = x/L
= absorption coef� cient

p = half-width at half-height of spectral line, cm 1

max = maximum retardation of moving mirror, cm
n = half-period of instrument line shape, cm 1

= wave number, cm 1

= standard deviation
= temperature exponent for p

2 = sum of squares, Eq. (11)
= Gaussian distribution function

Subscripts
i = ith species
j = jth rovibrational transition
k, l = index for quadrature
noise = quantity affected by noise
r = reference state
t = total
true = true quantity
0 = rovibrational line center

Superscripts
1, 2 = steps 1 and 2 of data-reduction routine

ˆ = modeled quantity

˜ = synthetic quantity

Introduction

T HERE is a strong current interest to continue developing
nonintrusive diagnostic techniques for deducing temper-

ature and species concentrations within combustion systems.1

Information on temperature and species concentrations from
such measurements is needed to advance our understanding of
the physical and chemical processes that occur during com-
bustion.1 This understanding, in turn, can be used by synthe-
sizers for the design of propellants that produce fewer harmful
pollutants, by physical chemists for the validation of detailed
chemical kinetic reaction mechanisms, and by engineers for
the formulation of complex models of physicochemical pro-
cesses that occur in rocket motors and gun systems.
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Fig. 1 Schematic diagram of the FTIR beam propagation
through the solid-propellant � ame.

High-pressure strand burners2– 4 and low-pressure � at-� ame
burners5– 7 with optical access for nonintrusive diagnostics
have been employed to study the combustion behavior of solid
propellants and premixed gases, respectively. The use of non-
intrusive diagnostic techniques within these burner con� gura-
tions has allowed a determination of temperature and chemical
composition within the � ame zone. Many measurements using
strand burners,1– 4 � at-� ame burners,5– 7 and laminar diffusion
� ames8 have been reported using line of sight (LOS) tech-
niques, such as uv/visible,1,2 multichannel mid-infrared (mid-
IR),3 and Fourier transform infrared (FTIR) absorption spec-
troscopy.4– 6 Although temperature and species concentrations
can vary along the LOS within the � ame, it appears that many
investigators have not accounted for this effect in their data-
reduction analysis.1– 6 In essence, their results represent a
weighted average of temperature and species concentrations
over the measurement’s path length. The development of
point-based nonintrusive diagnostic techniques, such as laser-
induced � uorescence (LIF) and planar LIF (PLIF),1 has been
highly successful; however, their applications in high-pressure
� ames of solid propellants cause some concern with treatment
of quenching effects.

In past research with LOS instruments, investigators em-
ployed multiple paths through the � ame for radial temperature
and species concentration pro� ling along with Abel’s inversion
technique.9 Diffusion7 and premixed8 � ames are well suited to
inversion techniques because the � ames are stable and � xed
in space to allow probing at different radial positions. How-
ever, the use of multiple paths in � ames of solid propellants
is quite challenging in view of the required high pressures
(which optically limit the � ame width), relatively high burning
rates, and a moving burning surface (short measurement times,
generally 30 s or less).

Recent efforts focused on one-dimensional ignition and
steady de� agration models of solid propellants10,11 with de-
tailed � nite rate chemical kinetics12,13 have signi� cantly in-
creased the demand for accurate data on the variation of tem-
perature and species concentration in the direction of � ow of
products. Experimental data acquired at and along the center-
line within the � ame should be particularly useful in validating
these complex models. It is evident that mathematical methods
that attempt to provide an insight into the variations of tem-
perature and species concentration along the LOS should be
pursued. In this work, a detailed analysis is provided on the
application of the spectral transmittance for the determination
of temperature and species pro� les of IR-active gases using a
single LOS spectrum.

Theory and Data Reduction
Let us consider that the modulated beam of an FTIR spec-

trometer propagates through a solid-propellant � ame as de-
picted in Fig. 1. The size of the modulated beam is much
smaller than the width of the � ame. Within the modulated
beam, vertical variations of temperature and species concen-
tration are assumed to be negligible. The beam travels across
the center of the propellant strand, perpendicular to the di-
rection of � ow of hot gases, and the transmitted component
is detected by the spectrometer. In developing a model of
the spectral transmittance, the interaction of the modulated
beam with hot gases, along with effects arising from the instru-
ment itself, must be considered. The modeled spectral trans-
mittance is compared with the measured spectral transmittance
to recover spatial pro� les of temperature and concentrations of
IR-active species. A large number of spectral data points is
utilized, and, in this work, all of the measured spectral trans-
mittances are generated synthetically.

Model of Spectral Transmittance

In modeling the spectral transmittance acquired by an FTIR
spectrometer operating at a low spectral resolution, the instru-
mental effects must be considered to correctly deduce temper-

ature and species concentrations.14 By assuming that spectral
lines cannot be resolved because of the � nite resolution of the
spectrometer, a convolution of the true transmittance with the
instrument line shape (ILS) should reproduce the synthetic
(measured) spectral transmittance F( ). Such a convolution
may be expressed by

F( ) = F ( ) f ( ) d (1)true

where the symbols are de� ned in the Nomenclature. For tri-
angular apodization, the ILS is14

2sin [ ( )]max max
f ( ) = (2)2[ ( )]max

For molecular gases, such as those that appear in most solid-
propellant � ames, scattering is negligible compared to absorp-
tion. If small absorbing particles are present, such as soot, they
possess broadband absorption characteristics and can be ac-
counted for in the analysis. The true spectral transmittance can
therefore be written as8

L N Ns r

F ( ) = exp 2 [ , T(x), X (x)]P (x) d x (3)true i, j n i

i=1 j=10

where the absorption coef� cient and the line intensity are, re-
spectively, given by15

( , T, X ) = S (T )g( , T, X )N (4)i, j n i, j 0,i, j n

Q(T ) 1 exp( hc /kT )r 0,i, j
S (T ) = S(T )i, j r Q(T ) 1 exp( hc /kT )0,i, j r

E T Tr
exp (5)

k T Tr

Values of the partition function are determined from curve � ts
provided in the HITRAN database.16 The two terms involving
exp( hc 0,i,j /kT ) correct for induced emission, whereas the
other exponential term accounts for the Boltzmann distribution
of molecular states with temperature. In FTIR transmission
spectroscopy, spontaneous emission does not directly contrib-
ute to the measured signal,14 and therefore, is not included in
the line intensity. The normalized line shape in Eq. (4) depends
on the state of the absorbing gases. In the mid-IR (500– 5000
cm 1) at the pressures considered in this work (10 atm), pres-
sure broadening is dominant. Therefore, a Lorentzian line
shape given by

(T, X )/p ni, j

g( , T, X ) = (6)0,i, j n 2 2( ) (T, X )0,i, j p ni, j
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is used. The dependence of the line’s half-width at half-height
(HWHH) on temperature, pressure, and species mole fractions
is expressed as17

i nN N i, js np T Pr ti n= X (7)p p ni, j r,i, j T Prn=1

Here, the reference pressure and temperature are, respectively,
1 atm and 296 K. Data on broadening parameters for CO– N 2

and CO– H 2O were obtained from Ref. 17, whereas the self-
broadening reference HWHH was taken from Ref. 18. In this
work, CO and N2 were assumed to have the same CO temper-
ature exponent, since variations in the CO self-broadening tem-
perature exponent with rotational index were not found in the
literature. Values of the reference HWHH and temperature co-
ef� cients for H2O were obtained from Ref. 19. CO and N2 were
assumed to have the same collisional broadening effect on H2O
in this work, since no collisional broadening parameters for
H2O– CO were found in the literature. This analysis assumes
that the collisional broadening parameters of all molecules are
independent of vibrational states,17 and therefore, have only a
rotational dependence. Discussion of the reference HWHH and
temperature coef� cients, which are functions of the rotational
index number,18,20 are available.17,19 Nitrogen is the only IR-in-
active gas considered, and its mole fraction is evaluated from

X = 1 X X (8)N H O CO2 2

Integrals in Eqs. (1) and (3) are evaluated numerically. In-
tegration over the path length is performed using a 16-point
Gauss– Legendre quadrature.21 The convolution integral is
more involved because of the oscillatory nature of the ILS
coupled with an in� nite limit of integration. The integral is
divided into half-periods, and a 16-point Gauss– Legendre
quadrature is applied to approximate the integral over each
half-period. The spectral transmittance is computed from

N Np

n
F( ) =

2n = N l=1 i jp

Nx

exp L [ , T(x ), X (x )]P (x )wi, j l,n k n k i k k

k=1

f ( )w (9)l,n l

The use of Eq. (9) in an inverse model allows a determination
of the temperature and partial-pressure pro� les from spectral
transmittance data. In this work, the temperature and partial
pressures are assumed to vary according to power series con-
taining only even-ordered terms as a result of � ame symmetry.
The functional forms of both the synthetic (representing mea-
sured data) and modeled temperature and partial-pressure pro-
� les are, respectively, given by

2 2mTT(z) = T T z T z (10a)0 1 mT

2 2mPP (z) = P P z P z (10b)i i,0 i,1 i,mP

The maximum temperature is located at the midpoint along the
beam in Fig. 1 because the propellant burns in a cool, inert
atmosphere. The partial-pressure pro� les of CO and H2O are
more than likely monotonically decreasing functions from the
center to the edge of the � ame. In this work, the general fea-
tures of the inverse technique are explored, and it is desirable
to keep these pro� les simple.

Solution Methodology

The spectral absorption coef� cient depends on temperature
and partial pressures of IR-active species through the line in-
tensity, line shape, and the path-length integral in Eq. (3). This

spectral dependence allows temperature and species pro� les to
be deduced from the spectral variation in the synthetic trans-
mittance. The inverse problem seeks to minimize the quantity

Nd

2 ˜= [Fn
n=1 (11)

2ˆ ˆ ˆ ˆ ˆ ˆ ˆF (T , T , . . . , T , P , P , . . . , P )]ˆ ˆn 0 1 m i,0 i,1 i,mT P

The Marquardt– Levenberg method,21 which is a nonlinear
least-squares inverse technique, is used to iteratively determine
the coef� cients for the temperature (T̂0, T̂1, . . . , ) and par-T̂m̂T

tial pressures (P̂i,0, P̂i,1, . . . , ) from synthetic spectral trans-P̂ ˆi,mP

mittances. The synthetic transmittances are computed using the
model previously described and using a synthetic set of coef-
� cients ( . . . , ) for the temperature and (˜ ˜ ˜ ˜ ˜T , T , T P , P ,˜0 1 m i,0 i,1T

. . . , ) for the partial pressures of CO and H2O. TheP̃ ˜i,mP

Marquardt– Levenberg method is well documented 21– 23 and
therefore not presented in this paper. Derivatives required
within the inverse algorithm are evaluated using a forward
� nite difference technique. In addition, convergence of the it-
erative procedure is established when the change in the 2

from one iteration to the next is <10 4.
Implementation of the inverse method with the previously

described theoretical model results in an algorithm that is quite
time-consuming on the computer because of the oscillatory
nature of the ILS. The algorithm is implemented in two steps.

Step 1: LOS-average temperature, , and partial pressures1T̂ 0

of CO and H2O, and , are determined.1 1ˆ ˆP PCO,0 H O,02

Step 2: The coef� cients, , , . . . , , , , . . . ,2 2 2 2 2ˆ ˆ ˆ ˆ ˆT T T P Pˆ0 1 m CO,0 CO,1T

, and , , . . . , , are evaluated using ,2 2 2 2 1ˆ ˆ ˆ ˆ ˆP P P P Tˆ ˆCO,m H O,0 H O,1 H O,m 0P 2 2 2 P

, and as initial guesses.1 1ˆ ˆP PCO,0 H O,02

Discussion of Results
To illustrate the application of the inverse analysis, synthetic

spectra from a simulated � ame of a nitramine-based propellant
are used. It is well known that many nitramine-composite pro-
pellants produce a dark zone whose length varies (up to 1 cm)
with pressure.24 The dark-zone region contains a wide variety
of IR-active species, including, among others, NO, CO, CO2,
H2O, N2O, HCN, and many different hydrocarbon species
formed from binder decomposition and secondary reactions.
The considered species are, to a large extent, formed in the
primary reaction zone near the burning surface. Two of these
species are considered in this analysis: CO and H2O. Their
high-temperature absorption characteristics are well known. A
total pressure of 10 atm, partial pressures of 2.5 atm for CO
and H2O, a dark-zone temperature of 1300 K, and a path length
of 0.005 m are considered. These conditions lead to synthetic
spectral transmittances that are consistent with measurements
through an actual � ame.2,3

It is assumed that the FTIR spectrometer operates at a spec-
tral resolution of 1.93 cm 1. For a rapid-scanning spectrometer,
such as the Nicolet 740, spectra can be acquired at the rate of
5 Hz at this spectral resolution. Coef� cients for temperature
and partial-pressure pro� les are recovered using 415 synthet-
ically generated transmittances covering two spectral ranges:
1900– 2100 and 3750– 3950 cm 1. The � rst spectral range
covers the P branch of the 0 band of CO, and uses 1000
rovibrational transitions; the second spectral range covers the

1 and 3 bands of H2O and uses 6000 rovibrational transitions.
The discussion of results is � rst focused on the accuracy of
the numerical evaluation of Eq. (9), then on the recovery of
temperature and species concentration pro� les from noise-free
spectra, and is concluded by the effects of noise.

Numerical Evaluation of F( )

It is well known that the accuracy with which the direct
problem is evaluated has a strong impact on the recovered
quantities of interest in inverse problems.25 Therefore, an as-
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Table 1 Effect of number of periods and quadrature orders on the accuracy of the numerical
evaluation of the spectral transmittance, F( )

Np N

F( ) of CO at = 2073.1 cm 1

PCO= 2.5 1.25z 2

Nx = 4 8 40

F( ) of H2O at = 3854.1 cm 1

= 2.5 1.25z 2PHO2

Nx = 4 8 40

10 4 0.6097810 0.6098278 0.6098277 0.7662037 0.7661680 0.7661678
8 0.6098490 0.6098958 0.6098957 0.7661993 0.7661637 0.7661635
16 0.6098488 0.6098956 0.6098955 0.7661993 0.7661637 0.7661635
40 0.6098488 0.6098956 0.6098955 0.7661993 0.7661637 0.7661635

30 4 0.6071501 0.6071971 0.6071970 0.7650127 0.7649762 0.7649765
8 0.6072169 0.6072640 0.6072639 0.7650084 0.7649725 0.7649723
16 0.6072167 0.6072638 0.6072637 0.7650084 0.7649725 0.7649723
40 0.6072167 0.6072638 0.6072637 0.7650084 0.7649725 0.7649723

50 4 0.6066033 0.6066502 0.6066501 0.7647816 0.7647455 0.7647454
8 0.6066705 0.6067175 0.6067174 0.7647773 0.7647412 0.7647412
16 0.6066703 0.6067173 0.6067172 0.7647773 0.7647412 0.7647412
40 0.6066703 0.6067173 0.6067172 0.7647773 0.7647412 0.7647412

100 4 0.6063824 0.6064106 0.6064105 0.7646507 0.7646145 0.7646145
8 0.6064310 0.6064780 0.6064778 0.7646464 0.7646103 0.7646102
16 0.6064309 0.6064778 0.6064778 0.7646464 0.7646103 0.7646102
40 0.6064309 0.6064778 0.6064778 0.7646464 0.7646103 0.7646102

Fig. 2 Spectral transmittance computed using Np = 100, as well
as the difference of spectral transmittance computed by using Np

= 30 and 50.

sessment should be made regarding the accuracy of the nu-
merical evaluation of the spectral transmittance using Eq. (9).
Since it is a multidimensional integral, a priori theoretical as-
sessment of the error involved cannot be made. To achieve an
accurate evaluation, the convolution integral must be divided
into a large number of � nite interval integrals, and each of
these multidimensional integrals is evaluated using quadrature
formulas. Since the ILS has the largest impact on the accuracy,
the choice has been made to consider a large number of � nite
interval integrals, with each spanning a half-period of the os-
cillation. Over a half-period, the integrand varies smoothly.

Table 1 shows the convergence of the synthetic spectral
transmittance at one wave number belonging to the P branch
of CO and another to the 1 and 3 bands of H2O. The synthetic
partial-pressure pro� les are given in Table 1, whereas the syn-
thetic temperature pro� le is = 1300 800z 2. Inspection ofT̃
Table 1 reveals that the numerical evaluation of the integral
along the LOS in Eq. (3) yields a transmittance that is accurate
to seven digits using an eight-point quadrature (Nx). Since
higher-order quadratures may be required for other tempera-
ture and partial-pressure pro� les, a 16-point quadrature is used
in this analysis.

Table 1 also shows that an eight-point quadrature over each
half-period of the ILS (N ) leads to better than seven-digit
accuracy. At the considered pressures, the HWHH of individ-
ual lines is on the order of 0.5 cm 1, meaning that the true
spectral transmittance will vary smoothly over each half-period
for many spectral lines. As the pressure decreases or the tem-
perature increases, the width of most lines (those with a pos-
itive temperature exponent) decreases according to Eq. (7).
When this occurs, the spectral transmittance becomes a sharply
peaked function, requiring a modi� cation of numerical inte-
gration over each half-period to maintain the desired accuracy.

The number of � nite interval integrals Np used in the eval-
uation of Eq. (9) has the greatest effect on the numerical ac-
curacy of the spectral transmittance. Figure 2 shows the syn-
thetic spectrum calculated with Np = 100, as well as the
difference in synthetic spectrum computed by subtracting the
spectral transmittance with Np = 50 or 30 from the one cal-
culated with Np = 100. This difference represents the error in
truncating the convolution integral. Examination of Fig. 2 re-
veals that at 2000 cm 1, the difference is 0.0005 for Np = 30
and 0.0003 for Np = 50. Retaining too few � nite interval in-
tegrals may lead to signi� cant errors in the computed spectral
transmittance. More importantly, errors resulting from truncat-
ing the convolution integral of Eq. (9) will maintain the shape
of the true transmittance and will affect the deduced temper-
ature and partial-pressure pro� les. The use of 200 � nite inter-

val integrals, Np = 100, should provide a four-digit accuracy,
but it requires that the spectral transmittance be calculated 100
cm 1 beyond the spectral ranges of the input data.

Recovery of Temperature and Species Pro� les

The two-step inverse procedure was tested for its robustness
using six cases with synthetic values and the results shown in
Table 2. For these six cases and the results shown in Figs.
3– 6, both the synthetic and the modeled temperature and spe-
cies pro� les utilized a second-order approximation of the
power series of Eqs. (10). An initial guess of 1 atm for the
partial pressures of both CO and H2O and a temperature of
600 K were used. All cases converged to within 1% of the
true temperature and partial-pressure pro� les. Case 6 showed
the largest deviation of 0.7%, in the second-order coef� cient
( ) of H2O. Step 1 converged within six iterations for all2P̂ H O,12

cases, showing only slight changes in the LOS average values
past the third iteration. Step 2 converged in less than 14 iter-
ations for all cases, except in case 6, which required over 30
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Table 2 Coef� cients for temperature and partial-pressures pro� les used to generate synthetic data
(input), as well as results of the inverse analysis (output)

Case

T = T0 T1z
2

T0 T1

PCO= PCO,0 PCO,1z
2

PCO,0 PCO,1

2P = P P zHO HO,0 HO,12 2 2

PHO,02
PHO,12

1
Input 1300 800 2.5 1.25 2.5 1.25
Output 1300.00 800.00 2.500 1.2500 2.500 1.250

2
Input 1600 800 2.5 1.25 2.5 1.25
Output 1600.01 799.99 2.500 1.250 2.500 1.250

3
Input 900 500 2.5 1.25 2.5 1.25
Output 900.00 499.89 2.500 1.250 2.500 1.250

4
Input 1300 800 1.25 1.25 2.5 1.25
Output 1300.00 800.00 1.250 1.250 2.5 1.25

5
Input 1300 800 1.25 1.25 1.25 1.25
Output 1300.00 800.00 1.250 1.250 1.25 1.25

6
Input 1000 0 2.5 1.25 2.5 1.25
Output 1000.64 2.284 2.500 1.2522 2.509 1.259

Fig. 3 Effect of noise on the temperature at the centerline and
at the edge of the � ame. Points represent the results from the
inverse technique with a 65% con� dence level as predicted from
the diagonal terms of the covariant matrix.23

Fig. 4 Effect of noise on the partial pressure of CO at the cen-
terline and at the edge of the � ame. Points represent the results
from the inverse technique with a 65% con� dence level as pre-
dicted from the diagonal terms of the covariant matrix.23

iterations. Again, only minor changes in the temperature and
species pro� les were seen after the eighth or ninth iteration.
During the � rst four or � ve iterations of step 2, signi� cant
improvements in the temperature pro� le occurred with only
minor changes in the partial-pressure pro� les. At this point in
the inverse algorithm, the spectral dependence of the trans-
mittance on temperature through Eq. (5) is controlling the con-
vergence. After the temperature pro� le is suf� ciently close to
the synthetic one, the partial-pressure pro� les rapidly converge
toward their synthetic ones. This should be expected since the
effect of the partial-pressure pro� le on the spectral transmit-
tance is dependent on the temperature pro� le through the in-
tegration over the LOS in Eq. (3). Although the spectral trans-

mittance shows some variations with partial pressures through
the shape of individual lines in Eq. (7), this dependency is an
order of magnitude smaller than the effects from Eqs. (3) and
(5). Under certain circumstances, such as a constant tempera-
ture, the species dependency in Eq. (7) is very important for
achieving the convergence of the inverse algorithm.

Case 6 is a dif� cult situation to solve because the temper-
ature is constant along the LOS. In this case, the algorithm
must rely on the species dependency in the line shape in Eq.
(7) to guide the solution. The partial-pressures pro� les of dif-
ferent species are highly coupled in the inverse analysis, since
each gaseous species contributes to the line shape through the
collisional broadening reference HWHH. The effect of tem-
perature is also seen in Eq. (7), leading to a curvature matrix
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Fig. 5 Effect of noise on the partial pressure of H2O at the cen-
terline and the edge of the � ame. Points represent the results from
the inverse technique with a 65% con� dence level as predicted
from the diagonal terms of the covariant matrix.23

Fig. 6 Effect of centerline temperature on the estimated temper-
ature and partial pressures of CO and H2O at the center of the
� ame using 2L = 0.005 m and = 0.0025. Points represent the
results from the inverse technique with a 65% con� dence level as
predicted from the diagonal terms of the covariant matrix.23that is highly coupled in the six unknown coef� cients. Hence,

a large number of iterations was required to reach the con-
verged solution.

Effect of Noise

The second portion of the results is focused on the in� uence
of noise on the deduced temperature and partial-pressure pro-
� les. Transmittance measurements through the � ame of a burn-
ing nitramine-composite propellant using a Nicolet 740 spec-
trometer with a mercury cadmium telluride detector and
potassium bromide beam splitter have been performed in our
laboratory. A measured noise of 0.004, based on 2 statistics,
was obtained by averaging four consecutive spectra. This is
compared to a measured noise of 0.002, taken under similar
conditions, when the � ame is not present. The increased noise
level within the � ame can be attributed to the effects of particle
ejection from the burning surface, intermittent and nonuniform
burning, and purge-gas � ow around the periphery of the � ame.
FTIR systems currently available may have an order of mag-
nitude higher signal-to-noise than the 740 system, because of
the advances in blackbody sources, detectors, and system op-
tics. Measured noise using the Nicolet 740 system with and
without a � ame are well represented by a Gaussian distribu-
tion. Therefore, in this work, a Gaussian noise distribution was
added directly to the synthetic spectral transmittances. Hence,
the spectral transmittances containing random noise are com-
puted from

˜ ˜F = F (12)noise

where the pseudorandom noise with a Gaussian distribution is
generated using RAN1 and GASDEV subroutines from Ref.
21. Thirty-� ve new spectra were computed by adding random
noise with 0.0001 0.01 to the spectral transmittances
corresponding to case 1 of Table 2.

Variations caused by random noise in the recovered tem-
perature and partial pressures of CO and H2O at the center and

edge of the simulated � ame are given in Figs. 3– 5, respec-
tively. The LOS average temperature determined during step
1 is insensitive to the noise level and has a value of 998
9 K (20:1). At the centerline, it is off by over 300 K. After
step 2, Fig. 3 shows that the maximum deviation in the cen-
terline temperature is 70 K, and that in most cases the center-
line temperatures are within 50 K of the synthetic value. It is
quite dif� cult to measure the temperature in a propellant � ame
to within this accuracy (50 K) using either intrusive or non-
intrusive techniques. The temperature at the edge shows a
slightly greater deviation from the synthetic value (maximum
difference of 120 K), but values at the edge are not of strong
interest. Con� dence bounds calculated using only the diagonal
terms of the covariant matrix23 also predict this trend. The
integration over the LOS tends to desensitize coef� cients as-
sociated with higher-order terms of the polynomials describing
the temperature and partial-pressure pro� les.

Figure 4 shows that the partial pressure of CO at the cen-
terline is within 20% of the actual partial pressures for all
cases, whereas the LOS average value of 1.98 0.02 (20:1)
from step 1 is off by 25% at the centerline. Similar to the
temperature, the partial pressure of CO at the edge shows a
greater deviation than at the centerline. For H2O in Fig. 5, there
are a few cases that deviate signi� cantly from the synthetic
value at both the centerline and the edge, but most of the
centerline partial pressures are within 20% of the synthetic
value. The LOS average H2O partial pressure is 2.03 0.04
(20:1) atm. The H2O band used in this analysis has a different
spectral structure than CO; more speci� cally, this H2O band
shows a smaller variation in absorption coef� cient with rota-
tional index number. This leads to a smaller spectral depen-
dence on temperature and partial pressures than in the CO 0

band, causing the algorithm to be less sensitive to the H2O
partial-pressure pro� le as the noise increases. A different
choice of H2O band for the analysis may help to improve the
accuracy of the estimated partial-pressure pro� le of H2O. How-



MALLERYAND THYNELL 373

Fig. 7 Comparison of the temperature and the species (CO and
H2O) pro� les determined from the inverse analysis using power
series approximations to the input synthetic exponential pro� les
(symbols).

ever, it is likely that other bands of H2O, such as the one
centered at 1595 cm 1, interfere with other important IR-active
molecules, requiring the consideration of overlapping.

The temperature and species pro� les are generally unaf-
fected by noise levels below 0.001. As the noise increases
much beyond 0.001, the temperature and partial-pressure pro-
� les are more dif� cult to reproduce with an acceptable con� -
dence. The deviation in spectral transmittance between using
LOS average and LOS variations in temperature and partial
pressures is on the order of 0.01. As the noise reaches this
level, it becomes increasingly dif� cult to deduce accurate pro-
� les, because the algorithm cannot distinguish between the
changes that occur in the spectral transmittances caused by
noise and those caused by spatially varying temperature and
partial pressure. In general, the estimated partial-pressure pro-
� les are more affected by noise than the temperature pro� le.
This effect occurs as a result of error propagation from the
estimated temperature pro� le into the estimated partial-pres-
sure pro� les through the coupling effect of the integration in
Eq. (3). The actual cutoff limit caused by noise is dependent
on the physical parameters of the system: path length, tem-
perature, and total and partial pressures.

When examining the � ame structure of a solid propellant
using optical methods, it is important to understand the effect
of noise as the temperature increases. Fine-wire thermocouple
measurements taken during the combustion of a nitramine-
composite propellant2 indicate a large variation in temperature
along the centerline. The thermocouple traces revealed a three-
zone � ame structure, with a temperature of about 1000 K near
the surface and about 2000 K near the luminous � ame. The
effect of the synthetic centerline temperature on the recovered
one, assuming constant noise, is explored to assess the ability
of the inverse analysis to probe the � ame structure of a nitra-
mine-composite propellant.

Figure 6 shows the effect of the synthetic centerline tem-
perature on the ability to recover the centerline temperature
and partial pressures. The synthetic spectra were generated us-
ing the partial-pressures pro� les of CO and H2O from case 1
in Table 2. The centerline temperature varied from 1100 to
2000 K, with an 800 K difference between the centerline to
the edge of the � ame. Pseudorandom noise with an average
deviation of 0.0025 was added to the synthetic spectral trans-
mittance given by Eq. (12). As the temperature increases, it
becomes increasingly more dif� cult to recover accurate values
of centerline temperature and partial pressures. The redistri-
bution in rotational and vibrational states with higher temper-
ature tends to reduce the absorptance near the band center,
while slightly increasing the absorptance in the wings of the
rovibrational band. This results in a decrease in the effect of
spatial variations in temperature and species mole fractions
over the range of spectral transmittances. While this variation
was on the order of 0.01 at 1300 K, it is on the order of 0.005
at 2000 K. Therefore, at 2000 K with an average noise of
0.0025, the inverse analysis experiences an increased dif� culty
in recovering accurate estimates in the centerline temperatures
and species concentrations.

The inverse analysis is able to predict centerline tempera-
tures within 100 K at this noise level (0.0025) for all temper-
ature pro� les considered. In every case, the deduced centerline
temperature from step 2 showed an improvement over the
LOS-average temperature found in step 1. Recovered center-
line partial pressures are within 20% of their true value as long
as the temperature remains below about 1500. Beyond this
temperature limit, the inverse algorithm does not consistently
show improvements in the recovered centerline partial pres-
sures from step 1 to step 2. It should be noted that this tem-
perature limit is affected by path length, noise level, total pres-
sure, and species concentrations.

In an actual � ame, the temperature and species pro� les are
unknown and may not be well represented by a second-order
power series. The ability of the inverse technique to recover

more realistic pro� les by using higher-order power series ap-
proximations for temperature and partial-pressure pro� les
should therefore be assessed. A synthetic spectrum is generated
using exponential functions for the pro� les of both temperature
[ = 1331.64 31.64 exp(3.269z 2)] and partial pressuresT̃
[ = 2.5494 0.0494 exp(3.269z 2)]. Coef� cients of˜ ˜P = PCO H O2

a successively higher-order power series are determined from
the synthetic transmittance spectrum.

Figure 7 shows the ability to recover the synthetic exponen-
tial pro� les for temperature and partial pressures by using the
successively increased order of the power series representation
given by Eq. (10). That is, the eighth-order case involves 15
unknown constants to be determined. The synthetic spectrum
contains random noise with a standard deviation of 0.001.
Within the � gure, the open-faced symbols represent the input
synthetic temperature and partial-pressure pro� les, whereas the
lines represent the recovered values. The LOS values found in
step 1 considerably underpredict the synthetic centerline val-
ues. At this noise level, the inverse analysis shows only a mar-
ginal improvement in recovering the centerline values as well
as the overall pro� les beyond a sixth-order power series. Cen-
terline temperature and partial pressures of CO and H2O are
within 5% of the synthetic centerline values for all pro� les
greater than sixth order.

Summary and Conclusions
The development of a nonlinear, least-squares-based inverse

method for deducing temperature and partial-pressure pro� les
of CO and H2O from spectral transmittance data is presented.
The analysis utilizes synthetic spectral transmittances acquired
by an FTIR spectrometer operating at a low spectral resolution
and a single LOS. The analysis assumed that the temperature
and species pro� les can be represented by polynomials with
coef� cients that are to be determined, and it accounts for the
effects of noise. Noise levels below 0.001 have little effect on
the solution. Because changes in the spectral transmittances
caused by noise are on the same level as those changes caused
by spatial variations in temperature and species concentrations,
the algorithm experiences dif� culties in maintaining accuracy.
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Temperature appears to be slightly less sensitive to noise than
the partial pressures of CO and H2O, with H2O partial pressure
being the most sensitive. Changing the � ame temperature also
affects the ability of the inverse algorithm to recover centerline
temperature and partial pressures. As the temperature in-
creases, changes in spectral transmittances caused by spatial
variations of temperature and species concentrations decreases,
thereby requiring an increased signal-to-noise ratio to recover
accurate temperature and species concentrations. More realistic
temperature and species pro� les can be recovered by using
higher-order power series approximations.

Future Work
In the future, additional IR-active molecules will be added

to the data-reduction routine. The model can be easily imple-
mented by other LOS techniques for temperature and species
pro� ling, such as uv/visible and multichannel IR spectroscopy.
The determination of collision broadening parameters for other
molecules is also needed to extend this method to high-tem-
perature gases containing other IR-active molecules, such as
CO2, N2O, NO, HCN, and CnHm.
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